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Study of Interlaminar Stresses in Composite
Laminates Subjected to Torsional Loading

John A. Mitchell¤ and J. N. Reddy†

Texas A&M University, College Station, Texas 77843-3123

A computational procedure for accurate determination of interlaminar stresses in thick and thin composite
laminatessubjected to torsional loadingis presented. Amultilevel,recursively de� ned preconditionerinconjunction
with the preconditioned conjugategradient (PCG) algorithm is constructed from a sequence of hierarchical vector
spaces arising from the p-version of the � nite element method. The computational procedure is used to model
stress � elds in thick and thin laminates in torsion using three-dimensional and quasi-three-dimensional models.
Results indicate that the preconditioner developed here can be used to produce an ef� cient iterative solver for the
determination of two- and three-dimensional stress � elds in composite structures.

I. Introduction
A. Background

F IBER-REINFORCED composite laminates often have low
transverse shear stiffness and thus exhibit signi� cant trans-

verse sheardeformation.They also exhibit transversestress concen-
trations near material and geometric discontinuities (the so-called
free-edge effect) that can lead to damage in the form of matrix
cracking and delamination. Finite element analyses of thin plates
are plagued by overstiffeningof the equations, termed locking, and
can be improved by using re� ned meshes or rational modi� cations
of the computational model. In applications where a high degree
of accuracy from � nite element approximations is required, dis-
cretization is increased to ever smaller scales, and the polynomial
order of interpolationon elements may also be increased.This level
of discretizationproduces extreme memory demands on traditional
direct solutionmethods that require assembly of the global stiffness
matrix, thus inhibiting the solution of such problems. However, the
preconditioned conjugate gradient (PCG) algorithm is an iterative
methodfor solvingsystemsof algebraicequations.Its ease of imple-
mentation, low storage requirements,and rate of convergencemake
the PCG method an attractiveapproach to the solution of these very
large-sized problems. However, the rate of convergence of the al-
gorithm is directly related to the quality of the preconditioner. In
the absence of a good preconditioner, the rate of convergencemay
deteriorate to a point at which the algorithm is not competitive with
other solution methodologies.

The present study deals with the developmentof an ef� cient pre-
conditioner for the PCG method and its application to the stress
analysis of laminates subjected to torsion. Three-dimensional elas-
ticity and quasi-three-dimensional models of the problem are used
in conjunction with the � nite element method and PCG algorithm
to study the interlaminar stress � elds in thin and thick laminates.
The following brief review of literature on preconditionersand the
torsion problem provides the background for the present study.

B. Literature Review
A preconditioneris an approximation to the inverse of the matrix

problem being solved. To be of practical use, it should be inexpen-
sive to compute and have few memory requirements. In practice,
some tradeoffsbetween memory requirementsand the quality of the
resulting preconditioner must be considered. Most preconditioners
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have a substantial content of direct solution procedures embedded
within them.

There are many published works on iterative solvers for elliptic
problems, and it is not possible to completely cover the vast amount
of literature on the subject. Most rely on the PCG algorithm and
focus on construction of useful preconditioners. There are many
types of preconditioners,most of which fall into one of the follow-
ing categories:domain decomposition,1;2 multigrid,3¡6 hierarchical
basis,7¡11 and incomplete factorization preconditioners.12;13 In ad-
dition to thesebroadclassi� cations, there are hybridpreconditioners
that mix and match features from each of the categories. Although
the preconditioners can be classi� ed into groups, there is a certain
amount of commonality in that they contain some amount of direct
solution procedures.

Stress analysis of laminates is dif� cult primarily because of the
level of mesh re� nement that is required to achieve a high de-
gree of accuracy. This is especially true for torsion of laminated
bars with rectangular cross sections, which is the subject of the
present study. To keep element span ratios within reason, it is nec-
essary to have a large number of elements along the length of the
bar because the length dimension is much larger than the cross-
sectionaldimensions.For this reason,quasi-three-dimensionalmod-
els havebeen developedto reduce the computationalcost of a three-
dimensional analysis.14 Pipes and Pagano15 � rst used the model for
analyzinglaminatesunderuniaxialextensionand discoveredthe so-
calledfree-edgeeffect,which causesdelaminations.Later,Chanand
Ochoa16 and Leger and Chan17 used the model to study laminates
under more general loadingconditions, including torsion.Chan and
Ochoa used the model to studyenergyrelease rates in laminateswith
delaminations.They also studied stacking sequences in symmetric
laminates and their effect on interlaminar stress distributionsunder
bending and torsion loads. Leger and Chan studied both symmetric
and unsymmetric laminates under uniaxial extension, bending, tor-
sion, and out-of-planebending loads.Following this work, Liao and
Sun18 used the Chan and Ochoa model to study thick laminates with
a large number of plies by replacing the large number of individual
laminae with effective moduli so that the computational cost could
be reduced.

There is a slightdifferencebetween the models used by Chan and
Ochoa and later by Leger and Chan. The Leger and Chan model
uses a displacement � eld that has the same form as that obtained
by integrating the equilibrium equations.Chan and Ochoa used the
same displacement � eld, except that they ignored one term in the
displacement component u along the x direction. This difference
between the two models affects the interlaminar shear strain ²x z .
The twisting curvature contribution to ²x z in the Leger and Chan
model is twice that of the Chan and Ochoa model.

In addition to the above numerical studies, experiments on lam-
inates subjected to torsional loads have been conducted.19;20 These
studies indicate that interlaminar shear stresses, ¾x z and ¾yz , are
critical to the onset of shear stress failures for laminates in torsion.

1374



MITCHELL AND REDDY 1375

The accuracy of the analytical prediction of such failures depends
on the accuracy of the interlaminar stress � eld. In the present study,
attention is focused on this aspect.

II. Multilevel, Hierarchical-Basis Preconditioner
A. Exact and Finite Element Models

Consider the variationalproblemof � nding the displacementvec-
tor u 2 H such that

a.u; / D F. / for all 2 H (1)

H D u D .u1; u2; u3/ 2 H 1.Ä/£H 1.Ä/£H 1.Ä/ : u D 0 on 01

(2)

whereÄ ½ <3 denotes thedomainwith the boundary0, and 01 is the
portion of 0 on which the displacement vector u is speci� ed. Here
a.¢; ¢/ denotes a bilinear form and F.¢/ denotes the linear functional
associated with the boundary-value problem at hand, H m denotes
the Sobolev space of order m (see Refs. 21 and 22).

In the � nite element method,22¡25 we seek an approximationof u
in a � nite-dimensionalsubspaceWJ of H (or WJ ½ H ): � nduJ 2 WJ

such that

a.uJ ; / D F. / for all 2 WJ (3)

Let fÁi g (i D 1; 2; : : : ; n J ) denote a basis for WJ ½ H 1.Ä/. The al-
gebraic problem arising from Eq. (3) can be written as

AJ uJ D b (4)

where components of the matrix AJ and vector b are given by

Ai j
J D a.Ái ; Á j /; bi D F.Ái /; Ái ; Á j 2 WJ (5)

and where components of uJ are denoted by u J
j .

B. Conjugate Gradient Algorithm
The conjugate gradient (CG) algorithm is an iterative technique

for solvingthe algebraicEq. (4) when the matrix A is symmetric and
positive-de�nite. The algorithm, its derivation, and analysis can be
found in several books.3;12 In theory, the algorithm can provide an
exact solution to the problem in n steps, provided there is no round-
off error. However, the algorithm is viewed here as an iterative pro-
cedure, with which a suf� ciently accurate solution can be obtained
in m steps, where m is much smaller than n. This acceleration of
the method is achieved by using a preconditioner in the algorithm.
The preconditioner is an inexpensive approximation to the inverse
of A, and it can signi� cantly speed up the rate of convergenceof the
method. The enhanced method is the PCG algorithm. Provided that
a good preconditioner can be found, the PCG algorithm is a very
practical method for solving algebraic equations arising from the
� nite element discretization, since it can provide signi� cant sav-
ings in both computer memory and cpu time. The CG algorithm
is particularly well suited for � nite element applications because
of the sparseness of the stiffness matrix A. The algorithm requires
only computation of the action of A on the vector u, and therefore
matrix-vectormultiplicationsmay be computedusingnonzerocom-
ponents of A only. Ef� cient implementation may be performed at
the element level so that the fully assembled matrix A need not be
stored.

One of the importantfeaturesof thealgorithmis theerrorestimate,
which provides the rate of convergence in terms of the condition
number for the problem being solved. The preconditionedversion
of the algorithm seeks to solve

NAu D Nb (6)

where N denotes the preconditioner. From the analysis of the
algorithm,3;12 it is known that in s steps, the algorithm produces an
approximationus to the exact solution u that satis� es the inequality

hes; Aesi
1
2 · 2

p
K .NA/ ¡ 1

p
K .NA/ C 1

s

he0; Ae0i
1
2 (7)

Fig. 1 Master brick element.

where h¢; ¢i denotes the Euclidean inner product, es D us ¡ u, and
K .NA/ represents the conditionnumber of NA. The conditionnum-
ber of a matrix B is de� ned as the ratio of the largest eigenvalue to
the smallest eigenvalue of B, so that K .B/ D ¸max=¸min. Assuming
that N D A¡1, then K .NA/ D 1, and the PCG algorithm converges
in one step. Therefore, we are looking for a preconditionerN that is
a good approximation to A¡1 . If this is the case, then K .NA/ ¼ 1,
and the algorithm will converge very quickly.

C. Elemental Basis Functions
The variationalproblem in Eq. (3) requires that the � nite element

approximation be C0 continuous in order to ensure � nite strain en-
ergy. Over each element, polynomials are used to approximate the
solution, and the global � nite element solution is produced by ele-
ment assembly, which enforces solution continuity across interele-
ment boundariesand thus produces a global � nite element approxi-
mation that has C0 continuity.In this section, the basis functions for
a brick element used to approximate solutions in three dimensions
are described.

The master brick element shown in Fig. 1 has 27 nodes for poly-
nomial ordersof quadraticand higher. It is convenientto distinguish
shape functions according to the type of node they are associated
with. The 27 nodes break down into the followingnode types: 8 ver-
tex, 12 edge, 6 face, and 1 volume. Degrees of freedom at the nodes
depend on the node type. For example, vertex nodes have degrees
of freedomequal to functionvalues at the element vertices,whereas
an edge node has tangential derivatives up to pth order associated
with the midpoint of the edge. Face nodes have degrees of freedom
equal to mixed-orderderivativesup to the . p C q/th orderassociated
with the face node, and, analogously, volume nodes have degrees
of freedom equal to mixed-orderderivativesup to the . p C q C r/th
order associated with the volume node. The approximation may be
re� ned by increasing the order of the polynomials on the element
while not introducing new nodes.

In this study, a preconditioner is constructed from a sequence
of hierarchical vector spaces.26 The sequence of hierarchical vec-
tor spaces is created by enriching elements of order p to order
.p C 1/. The incremental enrichment Vk and the original vector
space Wk ¡ 1 will be combined by direct sum to create a larger space
Wk D Wk ¡ 1 © Vk . It is possible to create this sequence by simply
using p re� nement.

D. Hierarchical Vector Spaces
Here we discusssome speci� c sequencesof vector spaces that are

suitable for constructing hierarchical-basis preconditioners. First,
we discuss a sequence of spaces particularly suited to thin solids.
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Next we present a more general sequence for problems in which
there is not one direction in the domain that is particularly thin as
compared to the remaining two (e.g., three-dimensional). Last we
describe a sequence of vector spaces that can be used for problems
in two dimensions.

The transverse dimension of plates, beams, and shells is particu-
larly small as compared with the other dimensions of the structure,
and this leads naturally to a sequence of meaningful approxima-
tions that provide increasing accuracy by increasing the order of
approximation in the transverse direction of the structure.26 These
variouslevelsof approximationare categorizedby nodetype and are
called node levels. Node levels are further subdivided into hierar-
chical levels according to the order of interpolationat the particular
node. In the case of thin solids, there are six node levels: vertex,
in-plane edge, in-plane face, transverse edge, transverse face, and
interior for speci� c node level de� nitions. A cutout of an example
mesh shows thenodelevels’decompositionfor a plate-typestructure
(Figs. 2a–2e).

The term hierarchical level refers to a vector space of functions
de� ned according to the procedures discussed earlier. Node levels
are simply a means for constructionand discussionof the hierarchi-

a) In-plane edges

b) In-plane faces

c) Transverse faces

d) Transverse edges

e) Volume

Fig. 2 Mesh cutout, hierarchical vector spaces, thin solids.

cal levels. The hierarchical levels are the fundamental issue here,
and there are a given number of the same within each node level
for a given mesh. The vertex node level is different from the � ve
remaining node levels in that it has only one hierarchical level cor-
responding to its vertex functions.A vertex node level must always
exist on an element, because the vertex functions are used to model
the geometry of the element. In addition, there is only one hier-
archical level associated with the vertex nodes, because the vertex
functionsare not enriched by increasingthe order of approximation
associatedwith them. Vertex functions on the brick element are the
usual trilinear shape functions. All other node levels, may have an
arbitrary number of hierarchical levels, depending on the order of
interpolationat the nodes.

In the case of edges, there is one hierarchical level de� ned for
each increment in the order of interpolation along the edge. For
example, suppose that all in-plane edges have polynomial order
p D 3. Then this node levelwould contributetwo hierarchicallevels,
one for p D 2 and the other for p D 3. Transverse edges produce
hierarchical levels in the same way as in-plane edges, so that in
general there will be . p ¡ 1/ hierarchical levels for in-plane edges
and .q ¡ 1/ hierarchical levels for transverse edges, assuming the
transverse edges have order of interpolation q . These de� nitions
amount to de� ning hierarchical levels for each type of degree of
freedom because, for each increment in the order of interpolation
along the edge, a new degree of freedom is introduced.

A similar procedurecan be implemented for face nodes. For each
new degree of freedom added at a face node through p re� nement,
there is a correspondinghierarchical level introduced.For instance,
suppose that all in-plane face nodes have equal interpolation(p D 3,
for example) in both local coordinatedirections.Then this node has
four degrees of freedom corresponding to the four different bubble
functionson the face, so that in this case therewould be a totalof four
hierarchical levels introduced, corresponding to the combinations
.2; 2/, .2; 3/, .3; 2/, and .3; 3/. The treatment of in-plane face and
transverse-facenodes is thereby identical.

Finally, the interior node level is treated analogously.In this case,
there are many more functionsinvolvedbecauseof the largenumber
of degrees of freedom introduced with each incremental p re� ne-
ment. As an example, suppose that an interior node has p D 3 in the
three localcoordinatedirections.Then there is a total of eight hierar-
chical levels corresponding to the combinations .2; 2; 2/, .2; 2; 3/,
.2; 3; 2/, .2; 3; 3/, .3; 2; 2/, .3; 2; 3/, .3; 3; 2/, and .3; 3; 3/.

With the hierarchicallevels, de� ned for each node level, it is now
possible to discuss the overall structure of the hierarchical levels in
the context of modeling thin solids. As hierarchicallevels are added
to the approximation, the order of the polynomialapproximationof
primary variables increases.As the order of interpolationincreases,
it is expected that higher-frequencycomponents are being added to
the approximate solution. The order in which these re� nements are
made is physically meaningful.

Suppose that a beam, composed of a homogeneous material, is
modeled with one element in the transverse direction and an ar-
bitrary number of elements along the length. If the elements are
taken to be linear in the thickness direction of the beam, then the
� nite element model closely approximateswhat would be captured
with a � nite element model of the same beam based on � rst-order
shear deformation theory. If macroscopic response, such as trans-
verse displacements, is of interest, this model would produce rea-
sonablyaccurateresults.However, if accuratestress calculationsare
required, some type of re� nement would be necessary. In the case
of the methods discussed here, the order of interpolationmay be in-
creased in the transversedirectionby merely increasing the order of
the polynomials associated with transverse edges to capture three-
dimensional states of stress. Because of the oscillatorynature of the
enhancements,an iterative solver can ef� ciently resolve error in the
approximate solution associated with these, so that additional de-
grees of freedomdo not dramatically increasethe cost of computing
the re� ned solution.

Next, we discusshierarchicalvector spaces for three-dimensional
solids. In the preceding paragraphs, a particular sequence of sub-
spaces that would be suitable for modeling thin solids was em-
phasized. The hierarchical vector spaces were constructed by
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distinguishing nodes along edges and on faces in the transverse
direction from nodes in the in-planedirection.However, if the prob-
lem does not have a particular direction in which the solution is
expected to have a preference, then it may not be advantageous to
use such a sequence of spaces. Rather, it may be better to remove
this bias from the preconditioner. This is conceptually simple and
amounts to treating all edges as one node level and all faces as an-
other node level. Hierarchical levels are constructed in exactly the
same manner as described in the preceding section.

Hierarchical vector spaces for two-dimensionalproblems can be
constructed in a similar way as described for three-dimensional
problems. As in the three-dimensional case, there are numerous
possibilities, and much of the discussion in the preceding sections
holds true for this case. For a quadrilateral element, there are only
three node levels corresponding to the vertex (four), edge (four),
and face (one) nodes. Again, the vertex node level must exist so that
at least a linear map may be used for geometry purposes. As in the
precedingcases, hierarchicallevels are constructedaccordingto the
order of interpolationat the node.

E. Preconditioner
A novel preconditionerdevelopedby Mitchell26 is now reviewed.

The preconditioner is constructed from a sequence of hierarchical
vector spaces based on p re� nement. In the p re� nement case, the
coarsest mesh level corresponds to the vector space of vertex func-
tions. The � nite element method based on p re� nement seeks to
obtain a good solution by � xing the mesh and increasing the poly-
nomial order on each element. As will become clear, it is possible
to obtain the increasedaccuracyof the p re� nement procedures,but
at a cost in memory corresponding to a problem in which p D 1.

Let WJ denote the � nite-dimensionalvector space corresponding
to the � nest level of re� nement on which we seek a solution, and
de� ne the following set of subspaces Wk recursively:

W1 ½ W2 ½ W3 ½ ¢ ¢ ¢ ½ WJ

Wk D Wk ¡ 1 © Vk for k D 2; 3; : : : ; J

W1 D V1 (8)

Here W1 corresponds to the coarsest approximation, and it is the
vector space of piecewise linear functions associated with vertex
nodes in the initial mesh.

To implement the multilevel preconditioner, stiffness matrices
Ak are de� ned for each level Wk and partitioned according to the
recursivede� nition of Wk given in Eq. (8). This is better understood
by considering the following de� nitions of the matrices involved:

Ak D
Ak ¡ 1 Ct

k

Ck Bk

Ai j
k D a.Ái ; Á j /; Ái ; Á j 2 Wk

B i j
k D a.Ái ; Á j /; Ái ; Á j 2 Vk

C i j
k D a.Ái ; Á j /; Ái 2 Vk ; Á j 2 Wk ¡ 1 (9)

The PCG algorithmrequiresonly the action of the preconditioner
on a given vector g, and therefore it is not necessary to explicitly
construct or store the preconditioner. Using the preceding de� ni-
tions, the multilevel preconditioner,N J , is constructed recursively.
To compute NJ g, the following inexact factorization Mk of Ak for
k D 2; : : : ; J is de� ned:

Mk D
Mk ¡ 1 Ct

k

0 Bk

I 0

B¡1
k Ck I

(10)

Comparison of Eq. (9) with Eq. (10) shows that Mk ¡ 1 is intended
to be an approximationto Sk . Because of the form of Mk , an inverse
M¡1

k may be written in terms of the submatricesMk ¡ 1; Bk ; Ck . This
inverse de� nes the preconditioner Nk for Ak corresponding to a
particular hierarchical level k. Here, we take Nk g D M¡1

k g and note
that to computeM¡1

k , it is necessaryto computeM¡1
k ¡ 1 corresponding

to the next coarser mesh level. This illustrates the recursive nature
of the preconditioner. Note that for the recursion to make sense,

Fig. 3 Torsion of a cantilevered laminate; geometry, lamination sch-
eme, and loading.

M1 must be de� ned. Many variants of the de� ned preconditioner
may be ef� ciently implemented.Primarily, these variants attempt to
reduce the expense of the preconditioner by reducing memory and
cpu time while still maintaining the integrity of the preconditioner.

III. Analysis of the Torsion Problem
A. Analysis Using the Three-Dimensional Model

Laminates subjected to torsional loading conditions are numeri-
cally analyzed here. A cantilevered .45=¡45/s laminate, as shown
in Fig. 3, is subjected to a traction tz D ¾x z that tends to produce a
twisting moment about the x axis. The traction ¾xz is assumed to be
of the form

¾x z D 3Ct .t=b/.y=b/[1 ¡ .2z=t/2] (11)

where t is the total thickness of the laminate, b is the width, and Ct

is a scaling parameter. The torque about the x axis is given by

T D
t=2

¡t=2

b=2

¡b=2

¾x z y dy dz D
bt2

6
Ct (12)

A value of Ct D 100 psi is used in the study. The material properties
of individual layers in the principal material coordinates are taken
to be

E1 D 2:5 £ 107 psi; G12 D 5 £ 105 psi; º12 D 0:25

E2 D 1:0 £ 106 psi; G23 D 2 £ 105 psi; º23 D 0:25

E3 D 1:0 £ 106 psi; G31 D 5 £ 105 psi; º31 D 0:01

(13)

Very re� ned, uniform meshes were used to compute stresses for
� ve different span ratios b=t D 1, 2, 4, 8, and 16 (Figs. 4–6). The
particularsof the mesh for all cases are given in Table 1, where (Nx ;
Ny; Nz ) denote the number of elements in the three coordinate di-
rections. Convergence studies were performed by increasing the
polynomial order of approximation on each element from p D 2 to
4 and in onecaseup to p D 5. The CG algorithmwas usedfor solving
the block diagonal problems (inner iteration), and the tolerance for
solving these problems was investigated. The rate of convergence
of the outer iteration,correspondingto the PCG solve, is affectedby
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Table 1 Torsion of a cantilevered laminate; mesh
details (see Figs. 3–6)

Problem no. b, in. L , in. Nx Ny Nz

1 (b=t D 1) 1 8 32 8 8
2 (b=t D 2) 2 4 32 16 8
3 (b=t D 4) 4 4 32 16 8
4 (b=t D 8) 8 8 24 24 8
5 (b=t D 16) 16 16 32 32 8

Problem I: b/t = 1

Problem II: b/t = 2

Fig. 4 Three-dimensional meshes used for the torsion problem.

the quality of the solution produced by the inner iteration. Effective
solution of the inner problems depends on the conditioning of the
blockdiagonals.The resultsof these studiescan be found in Ref. 26.
The discussion here is limited to the stress � elds obtained.

The interlaminar stresses ¾zz and ¾xz are of primary concern to
design engineers because they are one of the contributingfactors to
delaminations in laminates subjected to torsional loads. The main
characteristicsof the stress distributionswere found to be the same
in all cases.For all span ratiosb=t D 1, 2, 4,8, and 16, the maximum
value for ¾xz was found to occur at the free edge (refer to Figs. 3
and 7) corresponding to the geometric midplane of the laminate
(y D ¡b=2, z D 0). The maximum value for ¾zz also occurs at the
free edge, although it is located at the (45=¡45) interfaces. As a
rule, stresses computed at the so-called reduced Gauss points on
the element are known to be the most accurate. As such, stresses
were computed along lines A–A, B–B, and C–C, as shown in the
schematic of a typical laminate cross section given in Fig. 7.

Figures 8 and 9 show the distribution of ¾zz and ¾xz , respec-
tively, across the width for three differentpositions along the length
(x D L=4, L=2, 3L=4) of the laminate with b=t D 1, and they are
the same at each location.This result is reasonable,considering that
the laminate length L is eight times larger than the width, while the
cross section is square.

Problem III: b/t = 4

Problem IV: b/t = 8

Fig. 5 Three-dimensional meshes used for the torsion problem.

Fig.6 Three-dimensionalmesh used forthe torsionproblemV: b/t = 16.

Fig. 7 Locations for stress computations in (45/¡¡ 45)s laminate.

The nature of the stress distributionsfor the remaining cases was
identical to those shown for case b=t D 1, and therefore only the
through-thicknessvariation at B– B of the interlaminar stresses for
casesb=t D 2, 4, 8, and 16 and x D L=2 are shown in Figs. 10 and 11.
For these cases, the laminate is either a plate or a beam rather than a
three-dimensionalsolid, hence it is expected that the stresses are not
uniform along the length, as shown in Figs. 12 and 13 for b=t D 16
at x D L=4; L=2; and 3L=4.
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Fig. 8 Distribution of stress zz along A–A of the (45/¡ ¡ 45)s laminate
(b/t = 1).

Fig. 9 Distribution of stress xz along C–C of the (45/¡¡ 45)s laminate
(b/t = 1).

Fig. 10 Distribution of stress zz along B–B at x = L/2 of the (45/¡ ¡ 45)s
laminate for b/t = 2, 4, 8, and 16.

B. Analysis Using a Quasi-Three-Dimensional Model
To reduce the computational cost of a fully three-dimensional

analysis,quasi-three-dimensional models havebeendeveloped.The
quasi-three-dimensional model assumes a laminate loaded by trac-
tions applied only on its ends, along the x direction, such that stress
components are independent of x (see Fig. 14). Based on these as-
sumptions, integrationof the equilibriumequationswill yield a sim-
pli� ed displacement� eld.15 This displacement� eld may be used to
construct a two-dimensional � nite element model, in which strains
are functions of .y; z/ only, so that it is only necessary to model the
y¡z plane.

The following displacement � eld is assumed:

u.x; y; z/ D ¡.C=2/yz C K y C Kx z C "0
x x C U .y; z/

v.x; y; z/ D .K xy =2/xz ¡ .K=2/x2 C V .y; z/

w.x; y; z/ D ¡.K x y=2/xy C Sbx ¡ .Kx =2/x2 C W .y; z/

(14)

Fig. 11 Distribution of stress xz along B–B at x = L/2 of the (45/¡ ¡ 45)s
laminate for b/t = 2, 4, 8, and 16.

Fig. 12 Distribution of stress zz along B–B at x = L/4 L/2 3L/4 of the
(45/¡¡ 45)s laminate for b/t = 16.

Fig. 13 Distribution of stress xz along B–B at x = L/4 L/2 3L/4 of the
(45/¡¡ 45)s laminate for b/t = 16.

where K denotesout-of-planebendingcurvatureaboutthe z axis;²0
x ,

the extensionalstrain along the x axis; K x , the in-planebendingcur-
vature about the y axis; K x y , the twisting curvatureabout the x axis;
and Sb , the transverseshear straindue to transverseshear loading.In
the Chan and Ochoa model,16 C D 0, whereas in the Leger and Chan
model17 C D K x y . The displacement � eld of Eq. (14) can be used
in the Navier equations of elasticity and an associateddisplacement
� nite element model with (U; V; W ) as the nodal variables can be
developed.27

The parameters²0
x ; K ; Kx ; Kx y ; Sb serve as the data in the model,

and physicallymeaningful values of these parameters may be com-
putedfor a speci� c problemusing the classicallaminatetheory ideas
treated in the books by Jones28 and Reddy.25 Symmetric angle-ply
laminates exhibit coupling between the bending and twisting cur-
vatures so that for a pure torsional loading condition, there will be
nonzero values for both Kx and K x y . This can be veri� ed upon in-
spection of the AB D matrices. Of course, there is also a nonzero
value for K y , but that does not contributeto this model. The uniform
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Fig. 14 Torsion of a cantilevered laminate (quasi-three-dimensional
model).

axial strain ²0
x does not couple with the bending and twisting cur-

vatures for symmetric laminates and was taken as zero here. The
constants K and Sb are not part of the classical laminate theory and
by default do not couple with ²0

x ; K x ; K x y . However, using some
assumptions, values for K and Sb may be computed,17 although in
the present analysis they were taken as zero. Orthotropic material
properties of an individual lamina are assumed to be the same as
those given in Eq. (13).

Boundary conditions for the torsion problem are taken as

U .0; 0/ D V .0; 0/ D W .0; 0/ D 0 (15)

These boundary conditions do not eliminate all rigid body modes,
and the system is nearly singular. Direct solution of the equations
leads to signi� cant round-off error. Because of these facts, it is nec-
essary for practical purposes to use an iterative solution procedure.
The CG algorithm suits this purpose.

Pure torsional loading conditions are considered here. To use
the classical laminate theory for computing the constants K x and
Kx y , it is necessary to have a torsional resultant Mx y (measured per
unit width). To make comparisons with results obtained using the
three-dimensional model discussed above, the value used for Mx y

is chosen as

Mxy D Ct t
2 6 (16)

The total torque T on the laminate is found by integratingMx y along
the width. Because Mx y is constant, T is the same as that given
in Eq. (12). The torsional resultant Mx y , along with the resulting
curvatures obtained from the classical laminate theory, are

Ct D 100; Mx y D 16:67 lb-in./in.

K x D 2 £ 10¡5; K xy D ¡5:957 £ 10¡5 (17)

The (45=¡45)s laminate that was studied previously using
the three-dimensional model is analyzed using the quasi-three-
dimensionalmodel. Interlaminarstresses¾zz and ¾x z from the quasi-
three-dimensionalmodels are compared with those obtained using
the three-dimensionalmodel for the case of b=t D 16. Each lamina
has equal thickness, and there are two elements per lamina in the
thickness direction. For comparison purposes, the mesh (refer to
Fig. 15) used for the quasi-three-dimensional model corresponds
to the mesh used in the y¡z plane of the three-dimensionalmodel
(refer to Fig. 6).

Results of stress calculations along B – B (refer to Fig. 7) are
shown in Figs. 16 and 17. The elasticity solution refers to the results
of the three-dimensionalmodel presented earlier for a laminate of

Fig. 15 Mesh used for the quasi-three-dimen-
sional model of the (45/¡ ¡ 45)s laminate; b/t = 16;
t = 1 in.; B.C.: U = V = W = 0 at y = z = 0.

Fig. 16 Comparison of stress zz from various models (all results ob-
tained in the present study), results of the three-dimensionalmodel were
obtained at x = L/2 with L = 16 in. (b/t = 16 and t = 1 in.).

Fig. 17 Comparison of stress xz from various models. Results of the
three-dimensionalmodelwere obtainedatx = L/2with L = 16 in. (b/t = 16
and t = 1 in.).
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length L D 16 at x D L=2. This locationis the most reasonableplace
to make comparisons between the three-dimensionalelasticity and
quasi-three-dimensional models, because it is the location farthest
away from the cantilevered end and the end on which tractions
are applied. Note the close agreement between the present quasi-
three-dimensional results based on the Chan and Ochoa model16

and those obtained using the three-dimensional elasticity model.
For laminates in which there is no twisting/bending coupling, the
Leger and Chan model17 is exactly 50% in error for torsional load
cases, because, in these cases, only twisting curvature contributes
to the the interlaminar shear strain ²x z . In such cases, the induced
strain ²x z is twice as large as it apparently should be, as shown by
results using the three-dimensional elasticity model. One way of
thinking about this error is to consider the extra term ¡.C=2/yz
in the displacement � eld for the quasi-three-dimensional model, as
already accounted for by U .y; z/. Because of this discrepancy, the
Leger and Chan model will not be considered further.

The symmetric, four-ply laminates discussed earlier are further
studiedwith re� ned meshes and higher values of p. Two laminates,
correspondingto the geometric ratios b=t D 8 and b=t D 16 are con-
sidered here, as indicated by the � nite element meshes in Fig. 18.
There are two elements per lamina in the thickness direction. To
keep element span ratios equal to one, the number of elements in
the y direction was taken as 64 and 128 for the span ratios b=t D 8
and b=t D 16, respectively.

The polynomialorderof interpolation p was increasedfrom p D 2
to 8 and p D 2 to 6 for the cases b=t D 8 and b=t D 16, respectively.

Fig. 18 Meshes used for the quasi-three-dimensional model of the
(45/¡¡ 45)s laminate; b/t = 8 and b/t = 16, t = 1 in.; B.C.: U = V = W = 0
at y = z = 0.

The preconditioner was constructed using the hierarchical vector
spaces de� ned for quadrilateral elements, as described earlier. The
CG solverwas used for inner iterationson level 1, and direct solvers
were used for the remaining hierarchical levels. The absolute stop-
ping criterion was used for the inner iteration on the bottom level
with a tolerance of ² D 1 £ 10¡10 . The outer iteration, correspond-
ing to the PCG solve, used the absolute stopping criterion with a
stopping tolerance of ² D 1 £ 10¡11.

Overall, the iterative solutionproceduresperformedvery well for
the problems studied.The number of iterations required for conver-
gence is generally low. Although the domain is two-dimensional,
large problems still arise because of the extent to which p is
increased and also because the model has three nodal variables
(U; V; W ). The total number of degrees of freedom for the meshes
used here range in size from 6579 to 113,043.

Stresses were computed for all values of p in both laminates
(i.e., b=t D 8 and b=t D 16). Locations for stress calculations were
chosen where the stresseswere thought to be maximum (free edge).
As with previous stress calculations, the stresses were evaluated at
the reduced Gauss points, namely along lines A–A, B–B, and C–C,
as indicated in Fig. 7. The line B – B is always in the � rst column
of elements on the left of the mesh, and is situated one Gauss point
to the right of the free edge. The line A–A is situated in the second
lamina from the bottom at a distance above the 45=¡45 interface
correspondingto one Gauss point. This is the third row of elements
from the bottom.Finally, the line C–C is located along the midplane
of the laminateas shown. The intersectionof B–B and C–C is where
the interlaminar shear stress ¾x z reaches a maximum. In general,
the geometric locations of these lines depend on the number of
Gauss points used to calculate the stresses. If the polynomial order
on the element is p, then the pth Gauss rule was used for stress
computations. The lines move slightly depending upon p. In all
cases, there is always one point in common between the plots along
A–A and B–B (similarly for C–C and B–B), and this was used as a
check.

Interlaminar stress distributions for both laminates, b=t D 8 and
b=t D 16, are given in Figs. 19 and 20. It is useful to compare the

Fig. 19 Distribution of stress zz through the thickness (along B–B) of
the (45/¡ ¡ 45)s laminate (b/t = 8 and b/t = 16; t = 1 in.).

Fig. 20 Distribution of stress xz through the thickness (along B–B) of
the (45/¡ ¡ 45)s laminate (b/t = 8 and b/t = 16; t = 1 in.).
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stresses obtained here with those obtained in preceding sections
using the three-dimensional elasticity model with lower values of
p. Results obtained using the quasi-three-dimensional model are
qualitativelyidentical to thoseobtainedusing the three-dimensional
elasticity model. There are differences in some of the maximum
values for stresses. For example, compare Fig. 12 with Fig. 19. The
maximumvalueobtainedfor¾zz with the elasticitymodel (b=t D 16,
p D 4) is approximately7 psi, whereas the quasi-three-dimensional
model predicts 12 psi. This difference can be attributed to the fact
that the locations at which stresses are computed in each case is
different as a result of element geometry and the Gauss rule. As p
increases, the � rst Gauss point tends to move toward the free edge.
Because ¾zz is changingso rapidly at the free edge, small changesin
the location at which the stress is calculated can result in moderate
to large changes in the computed value for the stress.

As shown in Figs. 13 and 20, the maximum value for ¾x z using
both the three-dimensional elasticity and quasi-three-dimensional
models was found to be the same. However, note the sharp cusplike
form that the quasi-three-dimensional model predicts for ¾xz . This
structure is present in the three-dimensionalelasticity results, but it
is not nearly as sharp. This lack of sharpnessmay be due to the fact
that the polynomial order is at p D 4 (three-dimensional elasticity
model) rather than at the higher level of p D 6 or 8 in the quasi-
three-dimensionalresults.

IV. Conclusions
In this study, a multilevel, recursivelyde� ned preconditionerde-

veloped by the authors was used to analyze the three-dimensional
elasticity and quasi-three-dimensional models of laminated struc-
tures subjected to torsional loads. The results obtained with the
quasi-three-dimensional model compared well with those obtained
with the three-dimensionalelasticity model.

The PCG algorithm is an ef� cient means for solving the alge-
braic equations arising from � nite element discretizationsof prob-
lems of laminated composite structures. The ef� ciency of the algo-
rithm strongly depends on the quality of the preconditionerused in
the algorithm. The preconditioner was successfully tested in two-
dimensional problems up to p D 8, and in three dimensions up to
p D 5, using the serendipitybrick elements. In both cases, the num-
ber of iterations required for convergencewas well within practical
limits.
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